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By tuning the coefficient to 0.5, it shows better agreement with the
experimental data. Because of insufficient measurement data along
the reattachment, there is still some uncertainty in the peak Stanton
value in that region. Nevertheless, this certainly is not the means to
solve the problem. The main difficulty in this problemis to establish
aphysical transition model at the reattachment. Moreover, applying
anincorrecttransitionmodel at the reattachmentrenders an incorrect
onset of separation upstream, as shown in Fig. 5 at X =0.64.

Conclusion

The prediction of relaminarization with the SA model has been
demonstrated with an axisymmetric configuration that has not been
validated by the authors of the model in Ref 1. The sensitivity of the
closure coefficients is highlighted, and more research is required to
validate the SA model before it can be used universally with any
configuration. Because of the lack of a physical transition model in
the SA model, care has to be takenin the uncertaintyin the prediction
of transition onset and duration with this model. In addition, the
compressibilityeffecthas not been taken into accountin this model.
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Introduction

HE phenomena of wake generation and evolution are the sub-

ject of continued research! ® and development. When dealing
with either conventional fixed-wing aircraft or rotorcraft, the wake
formation and subsequent dynamics are important issues. The be-
havior of the wake can profoundly affect aerodynamic loading, in-
duced wash, and aerodynamicnoise. In some situationsthe assump-
tions of an incompressible (constant-density) wake flow facilitates
aerodynamic modeling. This assumption is particularly beneficial
for three-dimensional,free-wake analysis, where motion and defor-
mation of the wake under its own influence is to be determined >’
Free-wake analysis is commonly used in rotorcraft aerodynamic
models. Typically, the wake is discretized into vortex elements con-
nected to form vortex filaments and/or vortex sheets. The velocity
field from these elements is computed using the Biot-Savart law,
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which restricts the validity of the wake representation to incom-
pressible constant-density flow. That the wake convects with the
surrounding fluid and induces flow velocities that have very low
Mach numbers appears to support the accuracy of the incompres-
sible flow assumption. It is, therefore, not unusual to find rotorcraft
aerodynamic analyses that embody compressibility effects in the
blade aerodynamics model but utilize an incompressible free-wake
analysis.

A criticismof this approachis that, althoughthe wake-inducedve-
locities may be low, the relative velocities between the wake and the
generating blade, and subsequent blades the wake may encounter,
may correspond to relatively high subsonic Mach numbers. During
the unsteady wake generation process, waves generated both on the
airfoil and in the wake itself travel both upstream and downstream,
and the finite propagation speed (especially the slower upstream
wave) may introduce significant phase delays in comparison with
an incompressible case that has infinite wave speed. The implica-
tions of coupling an incompressible wake to a compressible blade
aerodynamics analysis have not been systematically explored, even
though this approach has been repeatedly undertaken in practice as
an expedient to the formulation of a complex problem.

The present research illustrates the role of wake compressibil-
ity for the relatively simple case of a wake generated by a two-
dimensional unsteady airfoil, as a first step toward exploring the
effect of the wake incompressibility assumption. Even this rela-
tively simple case will be seen to provide considerable physical
insight. From this, a criterion for wake compressibility is derived.
The derivation, from fundamental physical principles, also includes
a discussion of the fundamental length and timescales that appear
in the problem.

To illustrate the derived wake compressibility criterion, numer-
ical results are presented for a model unsteady compressible aero-
dynamic calculation, namely a flat-plate airfoil encounteringa har-
monic nonuniform inflow. This is a compressible form of the von
Karmédn-Sears problem.>! Through this simple example, it is
demonstratedthat wake compressibilitycan indeed have a profound
effect on unsteady aerodynamic and aeroacoustic calculations.!*!?
It is also shown that only a small portion of the wake, that which is
closest to the trailing edge of the lifting surface, is important with
regard to wake compressibility. Therefore, the criterion derived can
be regarded as a correction to existing wake analysis schemes as
opposed to a replacement for them and, as demonstrated, can be
effectively used as such.

Wake Compressibility Criterion

Consider a two-dimensional wing section (Fig. 1a), translatingin
the —x direction with velocity V5 subjectto an unsteady excitation.
The excitationcan be due to unsteady heave, pitch, or gustand is not
limited to the frequency domain. An unsteady wake is, therefore,
shed from the trailing edge of the wing section. The wake is com-
posedofboth positiveand negative vorticity,as shown schematically
in Fig. 1a. The sign and magnitude of the vorticity in the wake acts
as an effective fluidic memory for the unsteady changes of vorticity,
upwash, and pressure on the surface of the wing section and must
satisfy Kelvin’s theorem.

This Note investigatesthe aeroacousticaspects of the wake as it is
generated at the trailing edge. It is assumed that the wake is contin-
uously shed both temporally and spatially. Therefore, in any small
increment of time, a small increment of wake is shed and convects
from the trailing edge. The detailed viscous mechanismof the shed-
ding process'® is not addressed. Rather, the global aeroacoustics of
the wake inception is investigated.

Looking at Fig. 1a, consider a small increment of wake being
shed. Simultaneously, a sound wave is emitted at the trailing edge
from the unsteady disturbance induced by a newly shed wake in-
crement. The sound wave is generated by the final adjustment of
the flowfield at the trailing edge. In terms of potential flow or panel
methods,'*~" thisis the lastadjustmentmade in the surface potential
strength distribution (source or doublet), at the trailing edge, before
the local jump in potential is shed into the wake. The value of the
jump in potential at the trailing edge is then convected downstream
in the wake. This is equivalentto satisfying Kelvin’s theorem.
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Fig.1 Schematic of a translating wing section and shed wake, where
C isthe chord, V is the wing section velocity,a« is the speed of sound,
and 7, are the n preceding time steps.

The sound wave emitted from the trailing edge travels both up-
stream and downstream (£x directions) at the speed of sound a..
Therefore, relative to the surface of the wing section, which is trav-
eling at V, in the negative x direction, the upstream sound wave
will travel at a net velocity

Viet = oo — Voo (1

Therefore, the time required for a sound wave emitted from the
trailing edge to travel to the leading edge can be approximated by
the time required for a sound wave to travel one linear chord length
C upstream relative to the freestream; in Fig. 1a this is shown as
the wave front emitted from the trailing edge at 7, (9 < 76), which
reaches the leading edge at 74. Therefore, if the chord length is
divided by the upstream speed of the sound waves emitted from the
trailing edge, Eq. (1), this gives
Tc = L ()
Aoy — Voo

which is the time needed for a sound wave to travel upstream one
chord length relative to the freestream velocity. In terms of Fig. 1a,
Tc = T — Tp.

During ¢, the wake increment that was shed at time 7, has con-
vected downstream a distance Aw, which can be simply calculated
by multiplying ¢ by the convection velocity V,,, which gives

CV,

Aw = Voo = ——— 3
w =1 X T (3)

and can be rewritten as
Aw/C =My /(1 — M) 4)

where M, =V, /a,. A similar expression was stated by Rowe
and Cunningham® for time-harmonic problems without detailed
derivation.Equation (4) gives a characteristiclengthscale associated
with compressible wake formation, where Aw is givenas a function
of M, and C. Note that Aw can be very small when compared with
the net wake length. A reduced frequencyrelated to the compressible
wake formation is given by the reciprocal of Eq. (2) as 1/7¢.

It is also interesting to point out that, at M, = 0, Aw = 0; how-
ever, at M, =1, Aw =00, which means that downstream waves
will never travel upstream. This corresponds to the hyperbolic ca-
suality of the supersonic problem or simply that information cannot
travel upstreamin supersonicflow. For intermediate Mach numbers,
only one or two chord lengths are needed.

Numerical Results and Discussion

To illustrate the concept, the response of a flat-plate airfoil to a
nonuniform inflow (sinusoidal)!~'??! in linearized potential flow
is considered. This is a compressible von Kdrmdn-Sears problem.
In general, the governingequation of linear, compressible, unsteady

potential flow can be written as?>%3

o Ya\le Ve Ve Vo e 1Py
a2 Joax*  3y?  9z?

where 7 is time and ¢ the velocity potential. This equation can
be solved by any suitable means; for the present work it was
solved using the analyticalhumerical matching boundary element
method.*~2

Figure 2 shows the chordwise magnitude of the pressure differ-
ence distribution calculated for an airfoil subject to C =2b, kb=
2.5,k, =6.25,and M, = 0.4, where bis the semichord,k = w/a., is
the freespace acoustic wave number, k, = (wb)/V,, is the reduced
frequency, and M, is the Mach number. Results were calculated
using compressible unsteady aerodynamics on the flat-plate surface
and each of the three following wake models: a full compressible
wake model, an incompressiblewake model, and a corrected incom-
pressible wake model. Figure 2 also shows the chordwise real and
imaginary parts of the pressure difference distribution. In the cal-
culation, the inflow upwash velocity varies sinusoidially, the gust
wavelength is half the chord length, and 100 boundary elements
were distributed along the chord.

In the model calculations, the compressible wake model uses po-
tential doublet solutions to Eq. (5) in the wake. The incompressible
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Fig. 2 Real and imaginary parts of perturbation pressure difference
distribution for a flat-plate airfoil subject to nonuniform sinusoidal
gust with different wake models; kb =2.5, k, =6.25, M =0.4, and
rcdg =1.5.



AIAA JOURNAL, VOL. 37,NO. 3: TECHNICAL NOTES 395

wake model uses doublet solutions to Eq. (5) in the limit as
a — 00, namely the Laplace equation. The corrected incompress-
ible wake model is a hybrid wake with the first Aw segment of the
wake modeled with doublet solutions to Eq. (5) and the rest of
the wake modeled with doublet solutions to Laplace’s equation, as
shown in Fig. 1b.

Looking at Fig. 2, the agreement between the corrected incom-
pressiblemodel and the compressiblemodel is very good. It is inter-
esting to point out that, whereas the pressure distribution calculated
with the incompressible wake differs considerably from the fully
compressible calculation and the corrected incompressible, the net
lift calculation (integrated pressure distribution) is not that far off.

The wake compressibility approximation outlined in this Note
sheds light on several interesting and potentially useful phenomeno-
logical facts. It is significant to note that much of the physics
of wake compressibility is related to wake generation. Therefore,
for many subsonic flows, the physics is limited to a compact re-
gion close to the trailing edge. In terms of numerical aeroacous-
tics, the advantages of the wake compressibility approximation are
quite pragmatic. The importance of proper wake modeling in aero-
dynamic/aeroacoustic applications is well known.?? Formal treat-
ments of compressibility have been addressed with finite volume
and difference techniques; however, their applicability to routine
aerodynamicdesign calculationsis limited due to the time-intensive
nature of these methods.* It is, therefore, not uncommon to find hy-
brid and semi-empirical boundary element methods used for aero-
dynamic design calculations in industry3! They are hybrid in the
sense that they combine two or more boundary element schemes
for an aerodynamic/aeroacoustic calculation, typically one method
for wing/body aerodynamics and another for wake aerodynamics.
In many codes the lifting body is modeled with a panel method
(potential boundary element scheme), and the wake aerodynam-
ics are modeled with some form of vortex element.'® Many times
these methods are calibrated with experimental data. The sophisti-
cation of the wake model varies greatly; however, many methods
use a form of free-wake calculation® Incompressible free-wake cal-
culations are complex analyses and are presently still under much
developmentand refinement.’>* At this point, a compressible free-
wake calculation for routine design calculations is out of the scope
of most research efforts, industrial and academic alike. Therefore,
the compressible wake approximation outlined in this Note offers
a workable engineering solution to this problem. Properly utiliz-
ing the wake compressibility criterion, an incompressible free-wake
analysis can be combined with a compressible acrodynamic model,
without a loss of accuracy or physical consistency.

Conclusion

The necessity for modeling unsteady compressible wake effects
in compressible unsteady aerodynamics is addressed. The role of
compressibility during the initial stages of wake formation is deter-
mined. It is shown that a compact portion of the wake, that which
is closest to the trailing edge, is most important with regard to wake
compressibilityfor many subsonicflows. A simple approximationis
derived that determines the relative magnitude of the compressible
wake length that must be used in a calculation. The approximation
is based on fundamental physical principles and is relevant to com-
pressibleflow problems involving free-wake flows. The approxima-
tion is demonstrated by a numerical example, which substantiates
the proposedtheory and illustratesits application. The compressible
wake phenomena discussed in this Note have implications for the
fundamental understandingof the aeroacoustic physics of unsteady
wake generation in compressible flow.
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Introduction

OR a variety of reasons, in many multiphase flow applications,
tracking the dispersed phase in a Lagrangian manner may be
desirable. Here individual particle trajectoriesare calculated as they
are carried by the gas phase in the system.'”* However, because
of the high numerical cost of tracking large numbers of particles,
these studies have necessarily been kept at relatively low seeding
and mass fraction levels. To reach higher seeding levels, using vir-
tual particle methods where each computational,or tracked, particle
actually represents a group of particles of the same size has been
necessary? Calculation of energy and momentum transfer between
phases is then based on the entire group instead of just the carrier
particle. Using such a method allows a high mass loading to be
obtained without the necessary computational expense of tracking
every particle in the system. However, the accuracy of the results
obtained using this technique is a matter of concern ®
This Note extends our previous efforts on the simulation of parti-
cle dynamics in the confined geometry of an idealized ramjet com-
bustion system.>* In that work we neglected the effect of the parti-
cles on the fluid flow. We now take up the issue of return momentum
and energy effects from the particles to the gas phase of the flow.
The inclusion of such return effects is critical to the developmentof
reliablepredictivetoolsfor transient,multiphaseflows in propulsion
systems such as ramjets. In a situation such as that considered here,
with particles injected as a narrow stream, the use of virtual parti-
clesmay be calledinto question. Artificially high mass loadingsmay
arise within a computationalcell as the true distribution of particles
in space is neglected and replaced by a carrier particle. Thus, return
effects that may be distributed over several computational cells as
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particles are dispersed in the flow may, in fact, be represented as a
single point force when using the virtual particle method. Results
are presented from simulations with and without virtual particles at
the same mass loading levels in an effort to determine how accu-
rately the use of virtual particlesrepresents the coupled gas-particle
system.

Numerical Model

The flow into a central dump ramjet combustor is computed by
solving the compressible, time-dependent, conservation equations
for mass, momentum, and energy in an axisymmetric geometry.
These equations are given as

8,0__ .

e V- (pU) (1)
% =-V.(pUU) - Vp+S$§, ()
%:—V-(EU)—V-pU+SE (3)

where E = ¢ + $pU” ande = p/(y — 1); p, p, e, U, and y
are the density, pressure, internal energy, velocity, and specific heat
ratio, respectively. S, and Sr are momentum and energy source
terms from the particle, or dispersed, phase, which accounts for
mass loading effects. To solve these equations, the flux-corrected
transport (FCT) algorithm,” a conservative, monotonic algorithm
with fourth-order phase accuracy, is employed. Further details on
the numerical approach used can be found in Ref. 3.

The geometric configuration used is shown in Fig. 1 and is rep-
resentative of a generic ramjet propulsion system. A cylindrical jet
with a prescribed mean velocity of 100 m/s flows through an inlet
of diameter D = 6.35 cm into a cylindrical combustion chamber of
largerdiameter2D. An annularexitnozzle at the end of the chamber
is modeled to produce choked flow and forces the flow to become
sonic at the exit throat. The mass inflow rate is 0.78 kg/s, and the
initial chamber pressureis 188 kPa. A fixed 60 x 120 computational
grid is used with fine zones near the entrance to the combustor in
both the radial and axial directions. The cell sizes graduallyincrease
away from the dump plane. The grid resolution is the same as that
used in our previous studies, where it was found to be sufficient to
produceaccurateresults?® The time stepusedis At = 3.76 x 1077 s.
For these flow conditions the characteristic shedding frequency of
vortex structures at the combustor step is given by o, = 1380 Hz.
A vortex merging frequency of 690 Hz and an inlet acoustic mode
of 145 Hz are additional characteristic frequencies observed in the
system.

A Lagrangian approachis used to track each particle. Under the
assumption that the density of the particle p, is much larger than
the density of the surrounding gas phase, the equations of motion
for a particle of diameter d,, in the absence of gravity reduce to

dv@) [UY,1)=V(@)]f(Re,)
dr T

G

P

dy (1)
Fra V() )
where Y is the particle position, 7, = ,opdﬁ/l%mgas is the particle
response time, and (g, is the dynamic viscosity of the gas phase.
The coefficient f is a scalar function of the particle Reynolds num-
ber Re,, with f(Re,)=1.0+ Re%*". A fourth-order, predictor-
corrector method is used to obtain particle velocity and position
in time, and a sixth-order Lagrangian interpolation scheme is used
to interpolate flow properties from the computational grid to the
particle positions. Particle-particle interactions are neglected.

To take into account return effects from the dispersed particles
to the gas phase, the particle momentum and energy are calculated
for each particle location, and a linear weighting scheme based on
cell volume is used to find the corresponding source terms used in
Egs. (2) and (3) for the gas-phase calculation at the surrounding



